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The effect of structure on the thermal conductivity of geomaterials is studied for solid–fluid combinations
representing a wide variety of two-phase porous geomaterials. Nearly 200 thermal conductivity data sets
from the literature were analyzed for geomaterials made of natural soil particles, crushed rock particles
and sedimentary rock. Two analog models are studied to quantify the effect of structure. It appears that
the effect of structure increases with decreasing fluid/solid thermal conductivity ratio and structure
effects are negligible from a ratio of approximately 1/15 and higher. A new simplified model is proposed
to compute the effective thermal conductivity as a function of the fluid/solid thermal conductivity ratio
and the structure of geomaterials. The model applies well to independent data of homogeneous and het-
erogeneous materials including industrial cement concrete.
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1. Introduction

Thermal analyses of civil engineering infrastructures require
the knowledge of the effective thermal conductivity of geomateri-
als that include natural soil, natural rock, crushed rock, cement
concrete and bitumen concrete among others. The thermal conduc-
tivity of soils is governed by many parameters such as porosity,
water content, mineral content and grain size distribution. Several
studies have also recognized the structure effects owed to cemen-
tation [1,2] and to particle shape [3–6] especially in dry conditions
(saturated with air). However, studies on the quantitative assess-
ment of structure effects generally only cover idealized (or hypo-
thetical or theoretical) soils.

The objective of this paper is thus to develop new semi-empir-
ical modeling approaches to assess the effect of structure on the
effective thermal conductivity of two-phase porous geomaterials.
The paper first describes the structure of porous geomaterials
and its effect on the effective thermal conductivity. Following is a
background on the thermal conductivity bounds for two-phase
materials and on different modeling approaches. The paper uses
two analog models to assess the effect of structure on the effective
thermal conductivity of two-phase porous geomaterials: Fricke’s
model [7] based on theoretical geometrical assumptions and the
ll rights reserved.
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Côté and Konrad model [6] based on the relative thermal conduc-
tivity concept and the empirical assessment of structure effects.
The analysis results of nearly 200 thermal conductivity data sets
are discussed in terms of structure effects and a new simplified
model is proposed and validated.

2. Structure of two-phase porous geomaterials

Geomaterials used in civil engineering infrastructures are
mostly made of mineral particles of various shapes and size distri-
butions. Inter-particle pores are generally filled with water and/or
air. When the pores are saturated with either water or air, the
materials are considered as two-phase porous geomaterials. The
particles of geomaterials can also be bound together as a result
of natural or industrial processes. The porous geomaterials are thus
highly heterogeneous and may even be anisotropic depending on
shape and orientation of particles. According to Johansen [4], par-
ticle and pore size distributions of most geomaterials allow heat
transfer by conduction only. Convection and radiation effects are
thus neglected in this study.

Heat conduction through two-phase porous media depends on
the thermal conductivity of each phase and on the structure of
the solid matrix. In terms of thermal behavior, the structure of
the solid matrix characterizes the contact resistance and the conti-
nuity of the solid phase [8]. In geotechnical engineering the struc-
ture of geomaterials is generally associated with the combined
effect of fabric, soil composition and interparticle forces. The term
fabric refers to the arrangements of particles, particle groups and
pore space [9]. It is recognized that the fabric and the structure
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(a) rounded/sub-rounded particles 

(b) angular/sub-angular particles (c) cemented/bound particles 

particle, air or water, cement

Fig. 1. Schematic structures of porous geomaterials.

Nomenclature

a, b, c axis of spheroids
d particle diameter
F weighting factor
g shape factor
HSL Hashin/Shtrikman lower bound
HSU Hashin/Shtrikman upper bound
K effective thermal conductivity
kdry thermal conductivity of dry soil (air saturated)
kf thermal conductivity of fluids
kr relative thermal conductivity
ks thermal conductivity of solids
ksat thermal conductivity of water saturated soil
n porosity = vv/vt

Sr degree of saturation = vw/vv

vv volume fraction of voids
vw volume fraction of water
vt total volume
WL Weiner lower bound
WU Weiner upper bound
Z c/a

Greek symbols
b empirical parameter
j weighting factor (moist soils)
j2P weighting factor (two-phase porous geomaterials)
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of geomaterials are influenced by the size and shape of particles
and the aggregation of particles with or without cement/bounding
agents, which can be of natural origin (calcite, silicates, iron oxides,
phosphate, etc.) or of industrial origin (bitumen, lime, Portland
cement).

The particle shapes and the presence of bounding agents will
thus influence the degree of contact resistance and the continuity
of the solid phase of the porous geomaterials, which in turn, influ-
ence its effective thermal conductivity. Rounded and sub-rounded
particles are found in natural soil deposits while angular and sub-
angular particles are generally obtained from the rock crushing
operations. Sedimentary rocks are naturally cemented geomateri-
als, while cement or bitumen concretes are industrially cemented
geomaterials. Therefore, in terms of thermal characteristics, the
structure of porous geomaterials can be divided in three catego-
ries: (a) unbound rounded/sub-rounded particles, (b) unbound
angular/sub-angular particle and (c) bound/cemented particles as
shown in Fig. 1. The solid-to-solid contact area of the unbound
angular particles is greater than that of the unbound rounded par-
ticles, while the solid-to-solid contact area is further increased
when bounding agents are present. The bound/cemented particles
category includes round/sub-rounded and angular/sub-angular
particles as it is expected that the effect of angularity of particles
decreases substantially in the presence of cement.

Studies of the effect of structure on heat flow and effective ther-
mal conductivity (k) of two-phase porous geomaterials have
shown that k is generally higher in cemented materials than in
loose particle packs [1,2,4]. Furthermore, it was observed that the
influence of structure on the effective thermal conductivity of
two-phase porous media increases with decreasing solid/fluid
thermal conductivity ratios [2]. Hamilton and Crosser [10] also
showed theoretically that the k values of particle packs decreases
with increasing sphericity of particles. This was observed by
Johansen [4] and by Côté and Konrad [6] in air-saturated porous
geomaterials where the k values of natural particle packs
(rounded/sub-rounded) were systematically lower than those of
crushed particle packs (angular/sub-angular). Recently, the fast
growing performances of desktop computers enabled the study
of structure effects on the effective thermal conductivity of various
porous media also showing the importance of particle contact
density [11,12].

3. Thermal conductivity bounds and modeling approaches

3.1. Thermal conductivity bounds

Independently of structure effects, the series and parallel
flow models are universally accepted as yielding the widest
bounds, also known as the Weiner bounds, in between which
the effective thermal conductivity of two-phase materials should
stand. The parallel flow model (Eq. (1)) is the upper bound
(WU) while the series flow model (Eq. (2)) provides the lower
bound (WL):

k ¼ ð1� nÞks þ nkf ð1Þ

k ¼ kskf

ð1� nÞkf þ nks
ð2Þ

Hashin and Shtrikman [13] proposed narrower bounds for
homogeneous isotropic two-phase materials. Their upper bound
(HSU) applies to a continuous solid phase including uniformly
dispersed fluid filled cavities (Eq. (3)) and their lower bound
(HSL) applies to a continuous fluid phase including uniformly
dispersed solid spheres (Eq. (4)). The HSU and HSL bounds
are mathematically equivalent to the well known Maxwell
model [14] and thus represent the internal and external poros-
ity cases [15]:
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Fig. 2. Shape factor ga for oblate/prolate spheroids.
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k ¼ ks þ
3nksðkf � ksÞ

3ks þ ð1� nÞðkf � ksÞ
ð3Þ

k ¼ kf þ
3ð1� nÞðks � kfÞ

3kf þ ð1� nÞðks � kfÞ
ð4Þ

The various two-phase porous geomaterials used in civil engineer-
ing are heterogeneous with different particle contact density. Nei-
ther phase is necessarily continuous or dispersed; either phase
may thus form continuous heat conduction pathways [15]. Numer-
ous studies have shown that geomaterials made of rounded/sub-
rounded particles have thermal conductivities neighboring the
HSL bound resulting from the low particle contact density and lim-
ited amount of continuous solid pathways. It is thus expected the k
values for geomaterials made of angular/sub-angular particles and
cement/bound particles will move away from the HSL bound as a
result of the increasing contact area and continuity of the solid
phase.

It is noted that narrower bounds were also proposed on the ba-
sis of volume fractions and thermal conductivity of each phase [16]
and particle sphericity [17], while Carson et al. [15] divided the Ha-
shin/Shtrikman bounds in two regions according to the concept of
internal/external porosity of materials.

3.2. Theoretical versus empirical modeling approaches

Various geometrical hypotheses were used to express combined
parallel and series heat flow theoretical model for unit cells such as
that of Mickley [18] and Crane and Vachon [19] among many oth-
ers while Hadley [20] and Samantray et al. [21] used empirically
weighted averages of the Hashin and Shtrikman bounds to model
the effective thermal conductivity of numerous two-phase porous
media. Wang et al. [22] developed a unifying equation for compos-
ites structures of different combination of the Weiner and Hashin/
Shtrikman bounds and the effective medium theory (EMT) provid-
ing unlimited possibilities for theoretical models. Since the struc-
tures of natural of industrial geomaterials are highly variable, the
choice of adequate composite structures (Wang’s model) or their
equivalent weighting factors (Hadley’s and Samantray’s model) re-
mains a speculative task, therefore making the extension of any
theoretical model to heterogeneous media a fairly complex pro-
cess. Semi empirical approaches may still remain more convenient
and efficient [20].

Progelhof et al. [23] reviewed more than 20 empirical and
theoretical models and also concluded that the semi-empirical
approach may be more appropriate to characterize the effective
thermal conductivity of structured materials such as low den-
sity foams. In an attempt to characterize the effect of structure
on the effective thermal conductivity of two-phase porous
geomaterials, this paper will therefore use a semi-empirical ap-
proach based on the theoretical model developed by Fricke [7]
and the relative thermal conductivity model by Côté and Kon-
rad [6].

4. Fricke’s approach

The theoretical model developed by Fricke [7], as extended by
DeVries [24], has been fairly successful in the estimation of the
effective thermal conductivity of geomaterials such as soils.
Fricke’s model originates from the Poisson’s theory of induced
magnetism for suspension of homogeneous solid spheres (no so-
lid-to solid contacts). Fricke [7] extended it to consider a homo-
geneous suspension of arbitrarily oriented oblate/prolate
spheroids. The a ad b axes of the spheroids are of equal length
and the poles are on c-axis (see spheroids shown in Fig. 2). Fol-
lowing these premises, the effective thermal conductivity is ex-
pressed by:
k ¼ nkf þ ð1� nÞFks

nþ ð1� nÞF ð5Þ

with

F ¼ 1
3

2
1þ ðks=kf � 1Þga

þ 1
1þ ðks=kf � 1Þð1� 2gaÞ

� �
ð6Þ

For oblate spheroids (flattened at the poles, c < a) ga is given by Eqs.
(7) and (8) is for prolate spheroids (elongated at the poles c > a),
with z = c/a:

ga ¼
z
2

cos�1ðzÞ � z
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� z2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� z2Þ3

q ð7Þ

ga ¼
1

2ð1� z�2Þ �
z�2

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� z�2Þ3

q ln
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� z�2
p

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� z�2
p

" #
ð8Þ

Fig. 2 shows that the shape factor ga varies from 0 (infinite flat disk)
to 1/3 (sphere) to 1/2 (infinite cylinder). It is noted that ga values of
0 and 1/3 yield thermal conductivity relationships that are mathe-
matically equivalent to the HSU and HSL bounds given by Hashin
and Shtrikman [13]. These bounds can thus be expressed in terms
of the weighting factor F as given be Eqs. (9) and (10):

F ¼ 1
3

kf

ks
þ 2

3
ðHSUÞ ð9Þ

F ¼ 3ðkf=ksÞ
1þ 2ðkf=ksÞ

ðHSLÞ ð10Þ
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It can be mathematically demonstrated that the Wiener bounds can
also be expressed in terms of F:

F ¼ 1 ðWUÞ ð11Þ

F ¼ kf

ks
ðWLÞ ð12Þ

Fig. 3 shows the F–kf/ks relationships for the Weiner and Hashin/
Shtrikman bounds and for various values of ga. It is shown that
for a given bound or a given value of ga, the value of F increases with
increasing values of kf/ks. The range of values of F is much wider for
low values of kf/ks than for high kf/ks values. This agrees well with
the observation made on actual data which showed that the effect
of structure increase with decreasing kf/ks (or increasing ks/kf). It
is expected that the values of F for various two-phase geomaterials
should lie between the Hashin/Shtrikman bounds or at least be-
tween the Weiner bounds.

4.1. Data analyses

The use of Fricke’s model [7] to characterize the effect of struc-
ture on the thermal conductivity of geomaterials is investigated
herein as illustrated with the determination of typical values for
F and ga determined for the thermal conductivity data of Woodside
and Messmer [2].

The k–n relationships obtained from Woodside and Messmer
[2] are shown in Fig. 4 for (a) porous sandstones and (b) quartz
sands particle packs. Both type of materials had the same ks

value equal to 8.5 W m�1 K�1. The materials were saturated with
air (kf = 0.024 W m�1 K�1), oil (kf = 0.13 W m�1 K�1) and water
(kf = 0.6 W m�1 K�1). The porosity of the sandstones ranged from
0.03 to 0.59. The particle size of the sand packs ranged from 74
to 840 lm and the porosity, from 0.2 to 0.59.

The experimental data plotted in Fig. 4 show that for a porosity
near 0, the effective thermal conductivity k is about equal to ks.
Increasing porosity leads to a decrease of k. Fig. 4 also shows the
effect of structure and of the kf/ks ratio on the effective thermal
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Fig. 4. Best-fit curves to the experimental data of (a) sandstones and (b) sand
particle packs saturated with various fluids (data from Woodsinde and Messmer
[2]).
conductivity. For example, a geomaterial made of quartz sand par-
ticles with a porosity n of 0.2 and saturated with water (dot), oil
(diamond) and air (triangle), the effective thermal conductivity
values of 5.16, 2.19 and 0.67 W m�1 K�1, respectively. In compari-
son, the thermal conductivities of sandstone samples (cemented
quartz sand particles) are equal to 4.51, 3.76 and 2.40 W m�1 K�1

showing an increasing effect of structure with decreasing kf/ks

ratios.
Curve fitting of the k–n relationships using Eq. (5) provided

the values of F for each material tested. Fig. 4 shows that Eq.
(5) provides indeed very good curve-fit (full lines) to the exper-
imental data for both types of materials. The computed F values
are equal to 0.290, 0.085 and 0.023 for sand packs and equal to
0.310, 0.190 and 0.100 for sandstone saturated with water, oil
and air, respectively. These values of F are plotted as function
kf/ks in Fig. 5. It is observed that F values systematically in-
crease with increasing kf/ks ratios and that distinct relationships
were obtained for each type of materials. These results show
thus an increasing effect of structure with decreasing kf/ks

values.

4.2. Applicability of ga to geomaterials

DeVries [24] extended Fricke’s model to three phase porous
media such as moist soils. An empirical value of ga equal to
0.125 appeared to fit fairly well a wide range of data for moist
natural soils from [1,3,25]. However, for the same soils, but in
dry conditions (two-phase), Johansen [4] demonstrated that a
suitable value of ga would be equal to 0.1, suggesting thus that
the values of ga may not be unique for a given soil. These values
of ga represent disc-like spheroids, which is quite unusual for
many soils such as sands and gravels. As shown in Fig. 5, the
experimental F–kf/ks relationships indeed correspond to several
theoretical F–kf/ks relationships (Eq. (6)) with ga values ranging
from 0.09 to 0.13. For sandstones, theoretical ga values range
from 0.015 to 0.09.

This clearly demonstrates that the ga parameter alone cannot
account for structure effect of two-phase porous geomaterials.
Thus, any extension of the theory behind Fricke’s model to these
materials should include other parameters to consider the influ-
ence of structure on the estimation of k. It was also suggested that
the ga parameter should be regarded as a fitting parameter rather
than a strictly theoretically derived geometrical parameter [26]. In-
stead of developing either alternative, this paper proposes to char-
acterize the structure effects on k using a modified version of the
relative thermal conductivity model for moist soils developed by
Côté and Konrad [6].
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and Messmer [2].
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5. The relative thermal conductivity approach

Farouki [27,28] established that the relative thermal conductiv-
ity concept developed by Johansen [4] gave the best predicting re-
sults for the widest range of moist soils among seven models
evaluated. This model normalizes the effective thermal conductiv-
ity k of a given soil at given moisture content as a function of the
effective thermal conductivity of the soil at the same porosity
when saturated with air (minimum value: kdry) and when satu-
rated with water (maximum value; ksat) as expressed by:

kr ¼
k� kdry

ksat � kdry
ð13Þ

Johansen [4] demonstrated that kr can be related to the degree of
saturation (Sr) of soils and that different kr–Sr relationships are ob-
tained depending on grain size distribution and the frozen/unfrozen
states. Any kr–Sr relationship should meet the following conditions:
(a) 0 6 kr 6 1, (b) for Sr = 0: k = kdry and kr = 0 and (c) for Sr = 1:
k = ksat and kr = 1.

5.1. The Côté and Konrad model

Recent research projects in environmental and soil science as
well as in geotechnical engineering have recognized the versatility
of the relative thermal conductivity concept. Various kr–Sr relation-
ships have been successfully developed [6,29–31]. Côté and Konrad
[6] developed a generalized kr–Sr relationship (Eq. (14)) where the
dimensionless empirical parameter j is associated with the struc-
ture of three-phase porous geomaterials (distribution of grain size,
pore size and pore water). The j parameter is equal to 4.6, 3.55, 1.9
and 0.6 for gravel, sand, silt and clays and peat in the unfrozen
state, respectively, and equal to 1.7, 0.95, 0.85 and 0.25 for these
geomaterials in the frozen state:

kr ¼
jSr

1þ ðj� 1ÞSr
ð14Þ

By substituting Eq. (14) into Eq. (13) and solving for k, Côté and
Konrad [32] proposed Eq. (15) as a generalized thermal conductivity
equation:

k ¼ ðjksat � kdryÞSr þ kdry

1þ ðj� 1ÞSr
ð15Þ

This concept can also be applied to two-phase porous geomaterials
considering that the maximum thermal conductivity is equal to that
of the solid phase (ks) and the minimum thermal conductivity is
equal to that of fluid phase (kf), consequently Eq. (13) can be re-
written as:

kr ¼
k� kf

ks � kf
ð16Þ

In this case, kr varies with porosity (n) and the conditions are: (a)
0 6 kr 6 1, (b) for n = 0: k = ks and kr = 1 and (c) for n = 1: k = kf

and kr = 0. Considering an empirical parameter j2P to account for
structure effects in two-phase porous geomaterials, Eq. (14) can
be re-written as:

kr ¼
j2Pð1� nÞ

1þ ðj2P � 1Þð1� nÞ ð17Þ

Substituting Eq. (16) into Eq. (17) and solving for k thus leads to an
expression of the effective thermal conductivity similar to Eq. (15):

k ¼ ðj2Pks � kfÞð1� nÞ þ kf

1þ ðj2P � 1Þð1� nÞ ð18Þ

While it appears that Eq. (18)is mathematically equivalent to Eq.
(5) in Fricke’s model, the lines of reasoning behind the parame-
ters F and j2P of both models are different. The F parameter is
a theoretical weighting factor related to the shape of non-touch-
ing particles. In the Côté and Konrad model for moist soils, the
j2P parameter is an empirical weighting factor related to the
thermal structure of moist soil, which is mostly influenced by
the grain contact and pore size distributions, the water and air
distribution in the pore space and by the continuity of the three
phases. Similarly, in the proposed model for two-phase porous
geomaterials (Eq. (18)), it is expected that the j2P parameter will
characterize the continuity of the solid phase and the particle
contact density. The values of j2P will be obtained for several
thermal conductivity data sets found in the literature and will
be analyzed in terms of the thermal structure of geomaterials
made of different types of particles.

5.2. Determination of j2P for various geomaterials

Thermal conductivity data sets for wide range of two-phase
porous geomaterials found in the literature are studied in this pa-
per, using only the data sets for which ks, kf and n are known or can
be reasonably estimated. The materials are made of (a) natural soil
particles, (b) crushed rock particles and (c) porous sedimentary
rock, all saturated either with air or with water.

Table 1 summarizes the characteristics of each materials stud-
ied including the values of ks, kf, the ranges of d, n and k. The exper-
imental k–n relationships are shown in Figs. 6–8 along with the
best-fit curves obtained from Eq. (18).

For natural soils saturated with water, thermal conductivity
data sets from Ratcliffe [33] yielded a j2P value equal to 0.45
(Fig. 6a). For air-saturated natural soils from Smith [1], Johansen
[4] and Tavman [34], j2P values of 0.057, 0.040 and 0.037 were ob-
tained, respectively (Fig. 6b).

Thermal conductivity data from Brigaud and Vasseur [35] for
packs of crushed dolostone, limestone (1) and limestone (2) satu-
rated with water were studied and the j2P values 0.34, 0.47 and
0.52 were obtained, respectively (Fig. 7a). The data from Côté
and Konrad [36] for packs of crushed quartzite, granite and syenite
saturated with air gave j2P values of 0.075, 0.105 and 0.120,
respectively (Fig. 7b).

Porous sedimentary rock from Brigaud and Vasseur [35] (Fig. 8)
were also studied and the j2P values obtained were equal to 0.3,
0.35 and 0.45 for water-saturated sandstone, dolostone and lime-
stone (1), respectively, while j2P values of 0.095 and 0.125 were
obtained for air-saturated sandstone and dolostone, respectively.
6. Discussion

The curves obtained from Eq. (18) in Figs. 6–8 offer fairly good
fits to the experimental data analyzed herein this paper, which
clearly suggests that this equation describes relatively well the
k–n relation taking into account the effect of structure in two-
phase porous geomaterials, provided that the thermal conductivity
of the solids and the fluids are known.

The values of j2P obtained for each material analyzed are re-
ported in Table 1 and plotted as a function of kf/ks in Fig. 9 (includ-
ing the data from Woodside and Messmer [2]). The natural soil
particles (rounded/sub-rounded) are represented by the empty
dots, while the crushed rock particles (angular/sub-angular) and
the sedimentary rock (cemented) are represented by the full
triangles and the crosses, respectively. Data from Johansen [4] for
natural dry soils having a ks value of 3 W m�1 K�1 with a corre-
sponding j2P value of 0.053 is also shown in Fig. 8. For each of
the three types of materials studied, the values of j2P systemati-
cally decrease with decreasing kf/ks ratios and, as expected, they
all plot within the Hashin/Shtrikman bounds.
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angular particles) (a) air saturated and (b) water saturated.

Table 1
Summary of geomaterials studied

Figure Reference Solid/fluid ks (W m�1 K�1) kf (W m�1 K�1) kf/ks/(10�3) Measurements, range of j2P

d (lm) n k (W m�1 K�1)

Natural soils (rounded/sub-rounded particles)
4b [2] Quartz sand/water 8.5 0.600 70.6 74–840 0.2–0.55 2.2–5.2 0.290
4b [2] Quartz sand/oil 8.5 0.130 15.3 74–840 0.2–0.52 0.7–2.2 0.085
4b [2] Quartz sand/air 8.5 0.024 2.82 74–840 0.2–0.59 0.2–0.7 0.023
6a [33] Sediments/water 2.8 0.570 203 0–80 0.4–0.7 0.7–1.4 0.440
6b [4] Fine sand/air 3.8 0.024 6.32 80–600 0.25–0.45 0.2–0.4 0.040
6b [1] Loam/air 2.9 0.024 8.28 0–80 0.32–0.57 0.1–0.4 0.057
6b [34] Sand/air 4.2 0.024 5.71 400–1200 0.36–0.45 0.2–0.3 0.037

Crushed rock (angular/sub-angular particles)
7a [35] Dolostone/water 5.3 0.600 113 0–250 0.26–0.28 2.7–2.9 0.340
7a [35] Limestone 1/water 3.3 0.600 181 0–250 0.29–0.32 2.0–2.1 0.470
7a [35] Limestone 2/water 2.8 0.600 214 0–250 0.34–0.38 1.6–1.8 0.520
7b [36] Quartzite/air 5.0 0.024 4.80 0–20.000 0.15–0.42 0.5–1.4 0.075
7b [36] Granite/air 2.6 0.024 9.23 1–20.000 0.18–0.33 0.4–0.9 0.105
7b [36] Syenite/air 1.6 0.024 15.0 2–20,000 0.15–0.18 0.6–0.7 0.120

Sedimentary rock (cemented/bound particles)
4a [2] Sandstone/water 8.5 0.600 70.6 – 0.03–0.59 2.0–7.8 0.310
4a [2] Sandstone/oil 8.5 0.130 15.3 – 0.03–0.60 0.9–7.1 0.190
4a [2] Sandstone/air 8.5 0.024 2.82 – 0.03–0.61 0.5–6.5 0.100
8a [35] Sandstone/water 7.7 0.600 77.9 – 0.01–0.44 2.6–7.1 0.300
8a [35] Dolostone/water 5.3 0.600 113 – 0.02–0.41 2.1–5.5 0.350
8a [35] Limestone 1/water 3.3 0.600 182 – 0.01–0.48 1.6–3.1 0.450
8b [35] Sandstone/air 7.7 0.024 3.12 – 0.01–0.30 2.0–6.7 0.095
8b [35] Limestone 1/air 3.3 0.024 7.27 – 0.01–0.48 0.4–2.9 0.125
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6.1. Particle shape and cementation

Fig. 9 shows that distinct j2P–kf/ks relationships are obtained
for each material type studied. The highest j2P values were ob-
tained for the cemented particles, intermediate values for the
angular/sub-angular particles and the lowest values corresponding
to rounded/sub-rounded particles. As expected the j2P–kf/ks rela-
tionships obtained show that the natural soils with rounded/sub-
rounded particles stand close to the HSL bound (no particle con-
tacts) indicating small contact areas between particles and reduced
continuity of the solid phase. The j2P–kf/ks relationship for crushed
rock with angular/sub-angular particles stand above that the natu-
ral soils indicating better contact areas and increased continuity of
the solid phase. The contact areas and the continuity of the solid
phase are further increased when bounding agents are presents
as evidenced by the j2P values that are systematically higher than
those of the unbound materials. However, this later relationship is
still far from the HSU bound characterizing continuous solid phase
materials such as foams. In fact, the j2P values obtained in this
study approximately occupy the lower half of the area comprised
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Table 2
Values of fitting parameters b of the proposed simplified j2P model

Materials kf/ks b

All >1/15 0.46
Round/sub-rounded 61/15 0.81
Angular/sub-angular 61/15 0.54
Cemented/bound 61/15 0.34
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between the bounds. Similarly, it was also observed that the effec-
tive thermal conductivity of dry soils and rocks generally stand in
the lower part of the area limited by the Hashin/Shtrikman bounds
[4,15].

The solid trend lines drawn from the j2P data show that the
influence of structure is the highest for the lower values of kf/ks

and that this influence tends to decrease with increasing kf/ks

ratios. These trend lines merge at a kf/ks ratio of 1/15 (0.067) where
the influence of structure on the effective thermal conductivity
may be considered as negligible. This is supported from observa-
tions in previous studies [2,4,37] where kf/ks ratios between 1/15
and 1/10 are often cited as a limiting value at which the structure
begins to have an impact on k.

The geomaterials with the rounded/subrounded particles stud-
ied in this paper were made of 100% natural soil particles while
those with angular/sub-angular particles were made of 100%
crushed rock particles giving distinct j2P–kf/ks relationships. Con-
sequently, it is speculated that mixes including different propor-
tions of these two types of particle would give thermal
conductivity data leading to intermediate j2P–kf/ks relationships.

6.2. Grain-size and pore-size distributions

The data analyzed herein represent of a wide variety of materi-
als with various particle-size and pore-size distributions. Although
the effect of these geotechnical parameters on the effective ther-
mal conductivity were not specifically addressed in this paper, it
can be postulated that their effect is not significant since single
j2P–kf/ks relationships were obtain for each type of material stud-
ied. For example, the natural soils (rounded/sub-rounded) category
comprise clays with particle diameter (d) typically ranging from
0 < d < 2 lm, silts with 2 lm < d < 80 lm and sands with
80 lm < d < 5000 lm and a single j2P–kf/ks relationship was ob-
tained. Carson et al. [11] also noted that numerical simulations of
theoretical soils showed no significant influence of particle size.
On the other hand, Tavman [34] observed a slight increase of k
when sand particles increase in size. It is, however, possible that
the increase in k is caused by higher quartz content, which, in turn,
lead to higher ks values in the geomaterials with larger sand parti-
cles [4,5,38,39]. The reader should, however, keep in mind that in
three-phase porous geomaterials (solid–liquid–gas) the grain size
distribution will influence the water distribution in pore-space
according to material type giving thus different thermal bridge ef-
fect at the solid-to-solid contacts, which influence the effective
thermal conductivity as observed experimentally [3,4,36] and
numerically [40].

It is also noted that in gas-saturated materials with very low
porosity, the mean pore size may be smaller than the mean free
path of saturating gas. The thermal conductivity of such gas should
thus not be used to compute the effective thermal conductivity of
the porous media [8]. For most ‘‘dry” geomaterials, the saturating
gas is air at atmospheric pressure, which has a mean free path of
0.066 lm [41]. As shown by Woodside and Messmer [2], only
3.5% of the pores of Berea sandstone are smaller than 0.08 lm.
Since most porous geomaterials have fairly broad pore-size distri-
butions with very few pores smaller than 0.1 lm; this issue has not
been addressed in the present paper.

7. A simplified j2P relationship

The data presented in Fig. 9 suggest that the structure of
geomaterials begins to have an impact on k at a limit value of
kf/ks equal to 0.067 (1/15) for which j2P is approximately equal
to 0.29 for all types of materials. This observation allows defining
a simplified expression for the relationships between j2P and the
kf/ks ratio plotted by the heavy lines in Fig. 9 and expressed by
Eq. (19). The empirical parameter b gives the slope of the j2P–kf/
ks relationships in a log–log scale. The values of b for each type
of materials are given in Fig. 9 and are also reported in Table 2:

j2P ¼ 0:29ð15kf=ksÞb ð19Þ
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The values of j2P obtained from Eq. (19) can subsequently be used
in Eq. (13) to estimate the effective thermal conductivity of two-
phase porous geomaterials as a function the thermal conductivities
of each component, porosity and considering the effect of structure
which is mostly influenced by the type of particles within the por-
ous media. Natural soils have rounded/sub-rounded particles,
crushed rocks have angular/sub-angular particles and sedimentary
rocks have cemented particles (rounded or angular). It is therefore
expected that the proposed model can be useful to provide fairly
simple and accurate estimations of the effective thermal conductiv-
ity given that most of the materials used in geotechnical engineer-
ing fall within one of the tree categories of materials studied in this
paper. This is demonstrated by the validation with independent
data given below.

7.1. Validation for glass and lead beads

Fig. 10 shows measured and estimated effective thermal con-
ductivity for (a) homogeneous glass beads and lead beads and (b)
Berea sandstone from Woodside and Messmer [2] saturated with
gas and liquids of varying thermal conductivity. It is stressed that
15 out of 18 data sets are independent of the present study. The
remaining three data sets are identified by a symbol * inserted
within the data points in Figs. 10 and 4.

The data are presented in the same manner as in the original pa-
per where the x-axis represents the ks/kf ratio and the y-axis repre-
sents the k/kf ratio. Fig. 10 shows the estimated k functions
obtained from the simplified j2P relationship (Eq. (19), thick black
line). A very good agreement between the measured and estimated
values is obtained for both the homogeneous glass and lead beads
and the Berea sandstone, demonstrating thus that the proposed
model can describe the effect of structure of either homogeneous
and heterogeneous geomaterials.

7.2. Validation for cement concrete

It is speculated that the proposed j2P models developed in this
study may be applied to estimate the effective thermal conductiv-
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Fig. 10. Comparison between predicted and independent data (except *) of thermal
conductivity of (a) packed beads and (b) Berea sandstone (data from Woodside and
Messmer [2]).
ity of porous cement concrete which are generally made of crushed
rock particles and hydraulic cement such as Portland cement. Anal-
ysis of nearly 100 thermal conductivity data sets from the litera-
ture [42–46] and from unpublished data of the first author’s data
bank has thus been performed. The materials studied ranged from
lightweight cement concrete and mortar to high density cement
concrete. The thermal conductivities of the solid fraction (mineral
particles and hydrated cement) were calculated from a method gi-
ven by Missenard [47]. The j2P values for each material were ob-
tained from Eq. (19) using the b value of 0.34 proposed for
cemented/bound particles. Fig. 11 shows that a very good agree-
ment between the computed thermal conductivities and the mea-
sured ones with most of the data standing between the 20%
deviation lines. It can therefore be postulated that the structure ef-
fect on effective thermal conductivity of industrially cemented
geomaterials (crushed and natural particles) is the same than for
naturally cemented geomaterials (natural particles) and that the
effect of particle shape in cemented/bound materials is negligible.

8. Conclusion

This paper presented a study on the effect of structure on the
effective thermal conductivity for 21 solid–fluid combinations rep-
resentative of two-phase porous geomaterials. A total of 193 ther-
mal conductivity data sets from the literature for natural soil,
crushed rocks and sedimentary rocks were analyzed.

It was shown that the theoretical model from Fricke’s model [7]
gave good fit to data sets from Woodside and Messmer [2]. How-
ever, any theoretical extension of the model should include other
parameters to account for structure effect. The relative thermal
conductivity approach developed by Johansen [4] and further im-
proved by Côté and Konrad [6] was thus retained and modified
for two-phase porous geomaterials. It was demonstrated that the
new structure parameter j2P is mathematically equivalent to the
shape factor F in Fricke’s model. It was found that the j2P param-
eter describing the shape of the k–n relationship decreases with
decreasing kf/ks ratios. The results of this study clearly demon-
strated that the effect of structure is noticeable at kf/ks ratios lower
than 1/15 and increases as the kf/ks ratio decreases. Distinct j2P–kf/
ks relationships were obtained for each material type studied. The
study showed no significant effect of particle-size and pore-size
distributions effects on the effective thermal conductivity of two-
phase porous geomaterials.

A simplified j2P–kf/ks relationship was proposed to assess the
effect of structure on the effective thermal conductivity of geoma-
terials. The j2P parameter is estimated as a function of the kf/ks ra-
tios and the empirical parameter b related to the structure of
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geomaterials. The new relationship applied well to nearly 120
independent thermal conductivity data sets from homogeneous
bead packs, sedimentary rock and cement concrete. The data for
sedimentary rock and cement concrete showed that both type of
materials behave in the same manner.
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